, the derivations are of the form D µ = X * µ for suitable measures µ, where (X )( ) = ( ). We describe the (weakly) compact as well as the (weakly) Montel derivations on these algebras in terms of properties of the measure µ. Moreover, for all these algebras we show that the extension of D µ to a natural dual space is weak-star continuous.
Introduction
The aim of this paper is to study various properties of derivations on some convolution Banach and Fréchet algebras. A starting point for the paper is the characterisation in [6, Theorem 4.1] of (weak) compactness of derivations on the weighted convolution Banach algebras L 1 (ω). Other inspirations include the recent papers [2, 3, 13] on (weak) compactness and weak-star continuity of derivations from some Banach algebras to their dual spaces.
The algebras that we will consider are L for and in the algebra in question and ∈ [0 1) or ∈ R + . On each of these algebras B all derivations are continuous and are of the form D µ = X * µ for µ in a suitable class of measures, where X is the operator defined by (X )( ) = ( ) for ∈ [0 1) or ∈ R + and ∈ B. For derivations on L 1 [0 1) we obtain a characterisation of (weak) compactness in terms of the measure µ similar to the one for L 1 (ω) in [6] . For the Fréchet algebras L 1 loc and A(ω) we will see that there are no non-zero weakly compact derivations, and in these cases the following seems to be a more useful notion: A linear operator between two Fréchet spaces is called (weak) Montel (see [1] ) if it maps bounded sets to (weakly) relatively compact sets. On Banach spaces this notion agrees with the one of (weakly) compact operators, and generally a (weakly) compact operator is (weakly) Montel. For the Fréchet algebras L 1 loc and A(ω) we give characterisations of (weak) Montel derivations similar to the characterisations of (weak) compactness for L 1 (ω) and L 1 [0 1).
We also study weak-star continuity of the extension D µ of D µ to a natural dual space containing the algebra in question.
In all cases we prove weak-star continuity of D µ by showing that D µ is the adjoint of the continuous linear operator T µ defined by
for belonging to the predual and ∈ [0 1) or ∈ R + , and where the integrals are over [0 1 − ) or R + .
Derivations on L
Let L 1 [0 1) be the Volterra algebra of (equivalence classes of) integrable functions on [0 1) with convolution product and the norm = 
This shows that X ν * µ ∈ M[0 1) and that D µ is a bounded, linear operator on M[0 1). A direct calculation shows that X is a derivation on M[0 1) and the same thus holds for D µ .
Let ∈ C 0 [0 1) and let
The continuity of T µ is relatively standard (see, for instance, [5, Theorem 3.3.15] ), but there is a slight complication because we are integrating over [0 1 − ). For 0 ≤ 0 ≤ 1 we have
The first two terms tend to zero as → 0 . For → 0 with ≥ 0 the third term 0 
Since this holds for all > 0, it follows that µ is absolutely continuous.
Since the set {δ * : > 0 ∈ N} is bounded, it follows that {D µ (δ * ) : > 0 ∈ N} is weakly relatively compact in L 1 [0 1). Also, for > 0 we saw above that δ * µ = D µ (δ ) is a weak cluster point of the sequence (D µ (δ * )), so we deduce that { δ * µ : > 0} is weakly relatively compact in L 
As in the proof of [6, Theorem 4.1] there exists a net (ν ) in F with ν → ν strongly in M[0 1). The net (D µ (ν )) belongs to the compact set co(E) and thus has a convergent subnet (D µ (ν )) with limit ρ ∈ co(E). Also, for ∈ L 1 [0 1) we have
Derivations on L 1 loc
We denote by L Let C c be the space of compactly supported, continuous functions on R + . We regard C c as the inductive limit of the spaces C 0 [0 ) and equip it with the corresponding inductive limit topology. It follows as in the proof of [12, Proposition 3.3] (see also [9] ) that
identifies M loc with the dual space of C c . Proof. Let ∈ C c and let 
) is compact and satisfies R T = T R .
Since the derivations D µ and the multipliers T µ described in the beginning of the section are all 1-1 we obtain the next two results as consequences of Proposition 3.3.
Corollary 3.5.
There are no non-zero weakly compact derivations on L 
Corollary 3.6.
There are no non-zero weakly compact multipliers on L 
so we deduce that R µ is absolutely continuous. Since ∈ N was arbitrary, this shows that µ is absolutely continuous on R + .
(c) ⇒ (d): Let ∈ N. It follows from the equivalent of (2) for D µ and the comments in the proof of (b)
is relatively compact in M[0 ). Since ∈ N was arbitrary it follows from [15, p. 85 
Derivations on A(ω)
In [12] we studied the following class of weighted convolution Fréchet algebras (see [12] for further details). Let ω be an algebra weight on R + , that is, a positive Borel function satisfying: ω and 1/ω are locally bounded on R + , ω is right continuous on R + , ω is submultiplicative, that is ω( + ) ≤ ω( )ω( ) for ∈ R + , and ω(0) = 1. We then define L 1 (ω) as the weighted space of functions on R + for which ω ∈ L 1 (R + ) with the norm
It is well known that L 1 (ω) with convolution product is a commutative Banach algebra. Similarly, we let M(ω) be the Banach algebra of locally finite complex Borel measures µ on R + for which
We consider an increasing sequence ω = (ω ) of algebra weights on R + satisfying
sup
and equip A(ω) and B(ω) with the increasing sequence of norms µ = µ ω , µ ∈ B(ω). In this way A(ω) and B(ω) become Fréchet algebras, which can be viewed as projective limits of L 1 (ω ) and M(ω ), respectively.
In [12] we obtained the following characterisation of the derivations on A(ω).
Theorem 4.1 ([12, Theorem 4.1]).
(a) Suppose that for every ∈ N there exists ∈ N such that 
Proposition 4.2.

Assume that condition (3) is satisfied and let µ ∈ B(ω). Then the derivation D µ is weak-star continuous on B(ω).
Proof. Let ∈ D(1/ω) and let
As in the proofs of Propositions 2.1 and 3.1 it follows that T µ is continuous on R + . Choose ∈ N such that ∈ C 0 (1/ω ), and then choose ∈ N and C > 0 such that ω ( ) ≤ C ω ( ) for ∈ R + . Let ε be a decreasing function with ε( 
